
VECTOR 

CALCULUS  

AND  

NUMERICAL 

TECHNIQUES 

 
G.GANGADHAR 





































































































































































































































































































































































































































































































































































































Diteaentes od a lonomial (13 
Keult 1 f) is a polynomial o deqsee n and the valuey ot 7 ale. 

equally spaced Hen &fa) is a tonstant 

Let t()= ao +a, +a, +On t On 

Wese ag, a, g, an ate. Con stants and a, ¢0. 

his the step lengtk , le now Had At1)= t(1+h) - f(1) 

f()- a, (14)" + a, (1+) +n7+h) +Cn 

3- 
+OnH 

a. nh . - }-*| 
21 

+[4 n-) -m- -.}- 4 
= onh"+ h +by .. + bh-s t bn-2 

thee b, bg. bn- ale Constants Heae H4 polynomialis ot 

desee (n-) 

Thus, e bizst dibberente ob a pelynomial o nh despee Is a polyno 

mial o despee (n-). 

= aSa, nh +be + by * .bn + bn- 
lo, nh (x+h)"+4h +) a+h.+ bn1h) 4 bn-t 

a, nh 4b a b + bn- t bn-t 

tenlzt4)-



W (3, (4 Cn- le (onstans. This polynonial is ob depee (n-9) Cn-3 

Thus, He setend dibtetence ob a polynomial ob degsee n is a polynomie 
(1 

ob depec (n-e)Centinuing lite is we et. dtea). 

AF= a, n(n-) (n- ).1.1 a, Kni) Which is a lonshant 

Hence te seult 

Notc(i) As Af(1) is a Constrant, it tollows hat Af(a) =0 " 

, 
(i The (onvesse o akve vesult is also töua That 1s, ib A t(a) is 

taulate at egually spaced Int evals and is a Constont, Hen te. 

tuncion t() is a polynomial ob desoee n. 

te values ob 1 ae specibied with step length h, evaluae 

t 0-1) (t-11) (1+ 3) &(-)t-ext)Ct-3)(1-4). 

so) et #) = U-7(t-21)(r+31) 

lhich 1s a polynomial desgee 3 with b as H Co ebbi cien ob * 

It1) is a polynomial ob dessee n, a, is co ekbi cient ob " Then 

Af)= a, k'n! Whee h is he step length 

ti)- 0-)0-1s)(431]= &KBI) = 34 

(in) Let f(1) = (-1) (1-27) (1-37) (1-41 

Ihich is a polynomial ob desoee jo with )-2)(-3)(-4) =24 as he 

co ticient ob. 

t: AT6-1) (t-14) (1-31) (1-4)= 24 '(o1) 



id Ile second diselence ob He polynomial f(a) = -12x'+n2*-r 

wh int et valot di4iewncingh:2 (15 
Sol Iet 47): 19 4tr-%d 49 

e nu Hos Af(x) = f(1+h) -f(7) 

A f1) f(42) f(7) h 2 

At)\(z+2)- I2 (a+) + 49 (1+1 3of1 + 2)-+|- 127 4417*-3414S 

= S- 4 8x +56+28 

second dibhesence t1) = AAfa)] 

A[8- 48z5ta + 2s 

8 (+t 48(14 4 56 (14 2) 49 8487 45ba4+ 18 

48-q1 -16 
4He intes val ot dibtcaencinq is unity, pavve ha f)-f4) 

le now has Ata)= f(14 h) - t(a) 

h= A f1)= fl1+)-fi) 

Pra) fl1+1) 

t'a)-t/1+1) 

f/1t) t1) 

fa41)-t) 

fla+)t/1) 

At() 

I1+1) 1a) 



1 int etval oh diteencing is unity, pavve ttat a 2-3) 
7+)! 

so Let t)= 

le kave AtI1)=f(1th) f) 

Af1) f(1+1) -f(1) 

2+ 

ta+) 1 

a(1-2 
(+) 

Pove Had alogf)= l9t fa) 

Sd We now tha AP()= #(1+h)t11) 

logf) lg+1+4) -469t/1) 

log 4/1+h)- ba)+A #) 
P(1) (1) 

Af/ 

Evaluade Al1+cos1) 

Here t)= 3+ losx 

He have Ata)=f(7t) n) 

At/1)=A(1+6)= a+h+ asa+h) -a+ los 

h+ Cos(1th)-Cos 



vve od E7A = VE 

le knou thas At(1)= 4(1+)-41) f)= f(1) - t(1-h) 

(E)H) F v41») = Ef) 4(a-) 

Sol 

E f1) fl1th) 

Efa)- E fi1-h) fa)= t/1-) 

4 (7+h) - t/1) 

Afl1) 

E A 
E)t1) 

=#11th) tn) 
Af1) 

VE A. 

EV= A= VE 

Pouve hSE A. 

+h 

SE Aul 

S SE A 
Ove +had hD = log(I+ a) = -log(-A = Sin hug) 

le now Hot 

Taring lo qaaithm oth sldes, we get 

log loq(1t A) 
hp loge log(1tA) 

hD loj (1+0) 



We have 1-E E-1-V. 

e 

Taplng lonsit hn hothsldes, ne ge 

loq loq(1- 
e 

hD log log e 

hD -log(1-) 

SinhD 

SnhD S 

hD sius) 

Proove th 

So 

I+F 

=4+E-E -6 
4 

Frovn ond 



'opve ad 1 
s ) 

'oove hat -8 

le Know +od 
2 

2 

Poove ad S = AE+ A. 

A = E-1. 
hle kave = EE 

2 

Poove thad A =S 

s le have = E -I, S= ELE 

48 ++ 

E- 



Paove ha VA = = 

1-E) (t-) V: 1-E 

=E+E2 A F-/ 

S= E 

S 
A- = (E-1)-(1-É) 

= E+E-i 

Povve th +A1-) = 1. 

So e have 

(tA)1-) = Ell-9 

FlI-1-E) 
EE 

=. 

Poove thot S A+) 

So We have u- E), S= E A=E-l, V=1-E' 

(+= (E-1+ 1-E 

le-E) 



So By debinition 

1) 
(9%) 

9ha) 

(%-h)-(h Ya-t) 

n 

We have 

n2 +n 

1his he step length, pove thod A1-). A9(1-4) t).AYo 

At1-4). A J1-4)= A|P(7-4) (9(7)-9h+]] 

att-)sc))- altin-) g1-4)} 
f(a-4) Aga) + 901+h) Af(1-) 

-t(1-h) Ag4) - 9l1) Af(1-A1 



= f'h-) 9(ath)- 901)+ 9(1th) Pta) - fn-4)} (22 
f-4) )- 901-4)] - 91) tr1)-t/1-4) 

f/1) 9/1+)-10)) 4 #i7-4) |9/1-4)-1() 

4(2) Aga) + #(1-4) Ag(1-h) . 

ta). agt) 

Sine fn) ogm)= vfn).(3/1+h)-91) 

n)9(1+1)) - vt() t) 

) g1+h) -+/1-1) 3( #ta9)-H1-1)- 

401) g/1+h) - 9/1)# (1-4) ]g(-A) -910 

Fl1). Ag/1) 4(1) Agn) + ti1-) ag/1-) 

te valus o a ale equally spaced, pavve at 

(A )f(1) = A H1) 

le ave tM)= +/1+h) ), v£l1) = #11)-fl1-A). 

A9t2)= est) 

=A0 -Pl-4)| 

Af) Afl1-*) 

= f1)-t0- +/1-4) 

t) #1)

) t/1) 

A= A- V. 



bove a E-2F+1 . 23 

We lenow Hat afa) = f (1+6)- f(a). E'tla)fl14nh) 

fl1+h) - af(1) 

P(1+24)-4i14 t(7th)-fIH) 

=4(1t 2A) - 2f(1t h)+ fla) 

Eia)-2E 4) + a) 

tr)=E1E +1)t1) 
E-LEH 

frove tHa E = EA 

S We kno had At(1) #ia+h) -t1), Em)= f(1+nk) 

t2h) f(a+hA) 

EAt1) E[et) 
EFta4s)) 
= Ef(1th)- Ef(a) 

f(1+2A) -f(1+h) 

AEtIT)= EA1) 

AE = EA 

le have atn)= #(1+h)-f1), et()= fla+nh), v#/1) =t/0f(1-k) 

AF fra) aEr]= Af(1-) = f(1) -f(1-h) = <ta) 



E4I1t4)- étr1) 
f(1)-f(1-4) 

t) 

Findtu i) 1) . 
Deduce +had

et) 
le now thad atn) #(1+A)-f(1), Etn)= 4(1+nh) So 

A= E- 

EFa) ee-40)= E-2E#r) 

E +E-2) #1«) 
E41) + Ett) - 2441) 

fH1+k) + t/1-4)-2t/7) 

Find At/) 
Etta) 

Stl We know tho Afa) = P(1th) -tn), EP(1) = #(14nh) 

) E-a)EE +)4h)fa+ek) -2tm+A) +t/7) 
Efl) ft1+h) 

dou +ae f)= e In e above esulEs, we qe 

Ee th 

)1 
(+h (th 2d+24)lA+h) ACa+2h, atha) 

-= 

th athea 



Povve +Lad 

le kave AE1, V-1-E 

= (E-4 = lE-se +3E-)4 

E 3E t 1E, 
34+ 3% 

foove thad (EE)l1+a)= 2+A 

Sol We kave A E- 

E+E)a=(E(EV)E 

Et+l

2+E- 

2+A 

15 is a polyno nial os whick 14th dibteenCe. is Constont and 

tind 
+9, =- 784, t+% = 686, Y += lo 88 bind y 

S Stasing it y inst ead o , We note thad g, . 

We have A E- 

, =s (E-y, =o =» (E-6E+ISE-20 E+1SE4E +1)y, =o 

EyE, +15 Ey -20 E1 +15E -6E +9, = 

-% + 15-20+15h- +% 
+9-) 6(% +) + 15( +) -20y D 

y (,+,) -t(9,+1) + 15(%+"%) 

-78y -6 l6s6) + 15 (t0 88)= 571 



iveno 3 =2, = S1, 9 = 2a0, y = loD ond 8 1nd 

s le naw Ihat E 14 A 

(ESsE+ 10 E-1OE+6E-)% 

S4+1010, t 59, -Jo 

8 Sod + 2oTd -810 +60-3 

= 153

4 S, Y =l, Y 22, -o, = 40 tind ygivenHat e encal 

tin is sepsesented hy a toust despea polynorn ial . 

so le Know +Hhos E = 

Since is sepsesented by a 4 despee polynomial, e hove h-o 

ESSE 10E-10E+ sE-1)Yn =o 

Ey-E +10E10E+SEh 
Take n =o 

e-SEy +10E10Ey, +SE- =o 

- 5 t+ 10 -10y, +5, -% . 

HO S 9 +4o-220+ SS-S =D 

Syy310 

9474 



ove Ha 

= (al-E) ot-)4ra) 

AE-v) fa) 
E- 

E-)E-(E)) 

E 
E- ) 

E- 

t/1) 
A E-1, = -E 

A+ 9= E- t 

A+ 

Eva luadt E'A)? +aring h =1 

So ChivenHta +(1)=, hs 

We know tha Ata) r f(1th) -Ha) 

Ata) P(a+1) ta) 

A 1+3x+17- -1 

A 3 +31+1 

D)E(3+34+1) 

We PnadHas Etra) = tl1-k 

3(1-+3/2 -1)+1 

31+3141 



T1h: is the shep lonatk, pavve +kod 

nn-1) u-4 4 

tlng u 11), we qet 

2 

f11)- nfna) 4 f-) + +-) fh-n). 
21 

le now thas E 4/1)= 4/1-nh) 

) - nE()+ on- n) + + E4ra). 

nf in) .. + Ce"}t) 

(1-)r1) 

trn) Eern) 

ra)= ft1-nk), h:) 

U-n. 


































































































